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Recognizing themaps that preserve a givenmathematical structure
allows one to compare objects and identify equivalent ones.

6.0 Ɪsomorphisms
When are two rings the same? We want to identify equivalent rings.

The words “isomorphism” and
“automorphism” come from the Greek
words isosmeaning ‘equal’, autós
meaning ‘self’, andmorphē meaning
‘form’ or ‘shape’.

6.0.0 Ⅾefinition. A ring homomorphism 𝜑∶ 𝑅→𝑆 is called a (ring)
isomorphism if there exists a ring homomorphism 𝜓∶ 𝑆 → 𝑅 such
that𝜓∘𝜑 = id𝑅 and𝜑∘𝜓 = id𝑆. An automorphism is an isomorphism
that is also an endomorphism.

6.0.1 Problem. Show that conjugation is an automorphism of the
fieldℂ of complex numbers.
Proof. Problem 5.0.1 shows that conjugation is an endomorphism.
For every 𝑧 = 𝑎 + 𝑏 i ∈ ℂ, with 𝑎, 𝑏 ∈ ℝ, we have

𝑧 = 𝑎 + 𝑏 i = 𝑎 − 𝑏 i = 𝑎 + 𝑏 i = 𝑧 .
Thus, conjugation is an involution (equal to its own inverse) and
thereby an automorphism.

6.0.2 Proposition. A ring homomorphism𝜑∶ 𝑅→𝑆 is an isomorphism
if and only if the map 𝜑 is a bijection. A bijection is an isomorphism of sets.

Proof. Suppose that the map 𝜑∶ 𝑅 → 𝑆 is a ring isomorphism. By
definition, there exists a ring homomorphism 𝜓∶ 𝑆 → 𝑅 such that𝜓∘𝜑 = id𝑅 and𝜑∘𝜓 = id𝑆. Ɪn particular, the underlyingmap of sets
has an inverse, so it is a bijection.
Ⅽonversely, suppose that the underlyingmapof sets is a bijection.

Hence, there exists a map 𝜓∶ 𝑆 → 𝑅 of sets such that 𝜓 ∘ 𝜑 = id𝑅
and 𝜑∘𝜓 = id𝑆. Ɪt remains to show that 𝜓 is a ring homomorphism.
Since the map 𝜑 is a ring homomorphism, it follows that, for all𝑎, 𝑏 ∈ 𝑆, we have 𝜑(𝜓(𝑎) + 𝜓(𝑏)) = 𝜑(𝜓(𝑎)) + 𝜑(𝜓(𝑏)) = 𝑎 + 𝑏,𝜑(𝜓(𝑎)𝜓(𝑏)) = 𝜑(𝜓(𝑎))𝜑(𝜓(𝑏)) = 𝑎𝑏, and 𝜑(1𝑅) = 1𝑆. Applying 𝜓
to both side of these equations gives𝜓(𝑎) + 𝜓(𝑏) = 𝜓(𝜑(𝜓(𝑎) + 𝜓(𝑏))) = 𝜓(𝑎 + 𝑏) ,𝜓(𝑎)𝜓(𝑏) = 𝜓(𝜑(𝜓(𝑎)𝜓(𝑏))) = 𝜓(𝑎𝑏) ,
and 1𝑅 = 𝜓(𝜑(1𝑅)) = 𝜓(1𝑆), so 𝜓 is a ring homomorphism.
6.0.3 Remark. Problem 5.2.6 shows that ℤ/⟨6⟩ ≅ ℤ/⟨2⟩ × ℤ/⟨3⟩.
6.0.4 Problem. Prove that the fieldℂ is isomorphic to the subring

{[ 𝑎 𝑏−𝑏 𝑎] ∈ Ⅿat(2,ℝ) |||| 𝑎, 𝑏 ∈ ℝ} .
Proof. Ⅼet𝜑∶ ℂ→Ⅿat(2,ℝ) be themap defined, for all 𝑎, 𝑏 ∈ ℝ, by

𝜑(𝑎 + 𝑏 i) = [ 𝑎 𝑏−𝑏 𝑎] .
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For all 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ, we obtain𝜑((𝑎+𝑏 i)+(𝑐+𝑑 i))= 𝜑((𝑎+𝑐)+(𝑏+𝑑) i) = [ 𝑎+𝑐 𝑏+𝑑−𝑏−𝑑 𝑎+𝑐] =[ 𝑎 𝑏−𝑏 𝑎]+[ 𝑐 𝑑−𝑑 𝑐] = 𝜑(𝑎+𝑏 i)+𝜑(𝑐+𝑑 i) ,
𝜑((𝑎+𝑏 i)(𝑐+𝑑 i))= 𝜑((𝑎𝑐−𝑏𝑑)+(𝑎𝑑+𝑏𝑐) i)=[ 𝑎𝑐−𝑏𝑑 𝑎𝑑+𝑏𝑐−𝑎𝑑−𝑏𝑐 𝑎𝑐−𝑏𝑑]=[ 𝑎 𝑏−𝑏 𝑎] [ 𝑐 𝑑−𝑑 𝑐]= 𝜑(𝑎+𝑏 i)𝜑(𝑐+𝑑 i) ,

𝜑(1) = 𝜑(1+0 i) = [1 00 1] ,
so the map 𝜑 is a ring homomorphism. By construction, the map𝜑 surjects onto the given subring. Since Ker(𝜑) = {0}, the map 𝜑 is
also injective. Therefore, 𝜑 is a ring isomorphism.
6.0.5Ⅾefinition. The rings𝑅 and 𝑆 are isomorphic, denoted by𝑅≅𝑆,
if there exists a ring isomorphism 𝜑∶ 𝑅→𝑆.
6.0.6 Proposition. Being isomorphic is an equivalence relation.

Proof. Ⅼet 𝑅, 𝑆, and 𝑇 be rings.
(reflexive) The identity map id𝑅∶ 𝑅 → 𝑅 is a ring homomorphism
and its own inverse, so id𝑅 is a ring isomorphism and 𝑅 ≅ 𝑅.

(symmetric) Suppose that 𝑅 ≅ 𝑆. There are ring homomorphisms𝜑∶ 𝑅→𝑆 and 𝜓∶ 𝑆→𝑅 such that 𝜓 ∘ 𝜑 = id𝑅 and 𝜑 ∘ 𝜓 = id𝑆. Ɪn
particular, the ring isomorphism 𝜓∶ 𝑆→𝑅 implies that 𝑆 ≅ 𝑅.

(transitive) Suppose that 𝑅 ≅ 𝑆 and 𝑆 ≅ 𝑇. By definition, there exist
ring isomorphisms 𝜑∶ 𝑅→ 𝑆 and 𝜃∶ 𝑆 → 𝑇. As the composition𝜃 ∘ 𝜑 is a ring homomorphism,𝜑−1 ∘ 𝜃−1 ∘ 𝜃 ∘ 𝜑 = 𝜑−1 ∘ id𝑆 ∘𝜑 = 𝜑−1 ∘ 𝜑 = id𝑅 , and𝜃 ∘ 𝜑 ∘ 𝜑−1 ∘ 𝜃−1 = 𝜃 ∘ id𝑆 ∘𝜃−1 = 𝜃 ∘ 𝜃−1 = id𝑇 ,
the composition 𝜃∘𝜑∶ 𝑅→𝑇 is a ring isomorphismand𝑅≅𝑇.
Ring isomorphisms preserve all ring‑theoretic properties.

6.0.7 Proposition. Ⅼet 𝜑∶ 𝑅 → 𝑆 be a ring isomorphism. An element𝑏 ∈ 𝑅 is a zerodivisor if and only if the image 𝜑(𝑏) ∈ 𝑆 is a zerodivisor.
Similarly, an element 𝑏 ∈ 𝑅 is a unit if and only if 𝜑(𝑏) ∈ 𝑆 is a unit.
Proof. Suppose that 𝑏 ∈ 𝑅 is a zerodivisor. There exists 0 ≠ 𝑎 ∈ 𝑅
such that 𝑎𝑏 = 0𝑅 or 𝑏𝑎 = 0𝑅. The ring homomorphism gives𝜑(𝑎)𝜑(𝑏) = 𝜑(𝑎𝑏) = 𝜑(0𝑅) = 0𝑆 or𝜑(𝑏)𝜑(𝑎) = 𝜑(𝑏𝑎) = 𝜑(0𝑅) = 0𝑆 .
Since the map 𝜑 is an isomorphism, its injectivity establishes that𝜑(𝑎) ≠ 𝜑(0𝑅) = 0𝑆, so the image 𝜑(𝑏) ∈ 𝑆 is a zerodivisor. Applying
the same argument to 𝜑−1∶ 𝑆→𝑅 gives the converse implication.
Suppose that 𝑏 ∈ 𝑅×. There exists 𝑎 ∈ 𝑅 such that 𝑎𝑏 = 𝑏𝑎 = 1𝑅.

Since 𝜑 is a ring homomorphism, we have𝜑(𝑎)𝜑(𝑏) = 𝜑(𝑎𝑏) = 𝜑(1𝑅) = 1𝑆 = 𝜑(1𝑅) = 𝜑(𝑏𝑎) = 𝜑(𝑏)𝜑(𝑎) ,
so 𝜑(𝑏) ∈ 𝑆×. Again, applying the same argument to 𝜑−1∶ 𝑆 → 𝑅
gives the converse implication.

6.0.8Ⅽorollary. Ⅼet𝑅 and𝑆 be isomorphic rings. The ring𝑅 is a domain
if and only if the ring 𝑆 is a domain. Similarly, the ring 𝑅 is a field if and
only if the ring 𝑆 is a field.
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6.1 Ɪsomorphism Theorems

Although we focus on rings, versions
of these theorems exist for many
algebraic structures, including groups
and vector spaces.

What is the most important source of isomorphisms? Formulated
by Emmy Noether (1927), the four isomorphism theorems describe
universal features of quotient rings, homomorphisms, and subrings.
We first observe that a ring homomorphismdescends to quotient

rings under a mild hypothesis.

6.1.0 Ɪnduced Ⅿap Ⅼemma. Ⅼet 𝜑∶ 𝑅 → 𝑆 be a ring homomorphism.
For each ideal 𝐼 in𝑅 and each ideal 𝐽 in 𝑆 satisfying𝜑(𝐼) ⊆ 𝐽, the induced
map 𝜑∶ 𝑅/𝐼 → 𝑆/𝐽, defined for all 𝑟 ∈ 𝑅 by 𝜑(𝑟 + 𝐼) = 𝜑(𝑟) + 𝐽, is a
well‑defined ring homomorphism.

Proof. Ⅽonsider 𝑟, 𝑠 ∈ 𝑅. When 𝑟 ∼𝐼 𝑠, it follows that 𝑟 − 𝑠 ∈ 𝐼 and𝜑(𝑟) − 𝜑(𝑠) = 𝜑(𝑟 − 𝑠) ∈ 𝜑(𝐼) ⊆ 𝐽. We deduce that 𝜑(𝑟) ∼𝐽 𝜑(𝑠) and𝜑(𝑟 + 𝐼) = 𝜑(𝑠 + 𝐼), so the map 𝜑 is well defined. Since 𝜑 is a ring
homomorphism, we also have𝜑((𝑟 + 𝐼) + (𝑠 + 𝐼)) = 𝜑((𝑟 + 𝑠) + 𝐼) = 𝜑(𝑟 + 𝑠) + 𝐽= (𝜑(𝑟) + 𝜑(𝑠)) + 𝐽= (𝜑(𝑟) + 𝐽) + (𝜑(𝑠) + 𝐽) = 𝜑(𝑟 + 𝐼) + 𝜑(𝑠 + 𝐼) ,𝜑((𝑟 + 𝐼)(𝑠 + 𝐼)) = 𝜑((𝑟 𝑠) + 𝐼) = 𝜑(𝑟 𝑠) + 𝐽 = (𝜑(𝑟)𝜑(𝑠)) + 𝐽= (𝜑(𝑟) + 𝐽)(𝜑(𝑠) + 𝐽) = 𝜑(𝑟 + 𝐼)𝜑(𝑠 + 𝐼) ,
and𝜑(1𝑅+𝐼) = 𝜑(1𝑅)+𝐽 = 1𝑆+𝐽, so𝜑 is a ring homomorphism.
The quotient by the kernel is always isomorphic to the image.

6.1.1 First ꞮsomorphismTheorem. Ⅼet𝜑∶ 𝑅→𝑆 be a ring homomor‑
phism with 𝐼 ∶= Ker(𝜑). The induced map 𝜑∶ 𝑅/𝐼 → Ɪm(𝜑), defined by𝜑(𝑟+𝐼) = 𝜑(𝑟) for all 𝑟 ∈ 𝑅, is a ring isomorphism. When𝜋∶ 𝑅→𝑅/𝐼 is
the quotient map and 𝜄∶ Ɪm(𝜑)→𝑆 is the inclusion, we have𝜑 = 𝜄∘𝜑∘𝜋.

𝑅 𝑆
𝑅/𝐼 Ɪm(𝜑)

𝜑
𝜋

𝜑
𝜄

Figure 6.1: The commutative
diagram arising from the First
Ɪsomorphism Theorem 6.1.1.

Proof. The Ɪnduced Ⅿap Ⅼemma, with 𝐽 ∶= ⟨0𝑆⟩, shows that 𝜑 is a
well‑defined ring homomorphism. For every 𝑟 ∈ 𝑅, the coset 𝑟 + 𝐼
lies in Ker(𝜑) if and only if 0𝑆 = 𝜑(𝑟 + 𝐼) = 𝜑(𝑟), which means𝑟 ∈ Ker(𝜑). Since Ker(𝜑) = ⟨0 + 𝐼⟩, Ⅽorollary 5.1.12 shows that 𝜑 is
injective. By definition, the map 𝜑 surjects onto Ɪm(𝜑), so Propo‑
sition 6.0.2 implies that 𝜑 is a ring isomorphism. The second part
follows from the definition of 𝜑.
6.1.2 Problem. Ⅽonfirm that ℤ[i]/⟨1 + 3 i⟩ ≅ ℤ/⟨10⟩.
Solution. By Problem 5.0.4, there is a unique ring homomorphism𝜑∶ ℤ→ℤ[i]/⟨1 + 3 i⟩. As
i+ ⟨1 + 3 i⟩ = (−1 + ⟨1 + 3 i⟩)(−i+ ⟨1 + 3 i⟩) = (3 i+ ⟨1 + 3 i⟩)(−i+ ⟨1 + 3 i⟩) = 3 + ⟨1 + 3 i⟩ ,
it follows that (𝑎+𝑏 i)+⟨1 + 3 i⟩ = (𝑎+3𝑏)+⟨1 + 3 i⟩, so𝜑 is surjective.
For every 𝑚 ∈ Ker(𝜑), we have 𝑚 ∈ ⟨1 + 3 i⟩. Hence, there exist𝑐, 𝑑 ∈ ℤ such that 𝑚 = (𝑐 + 𝑑 i)(1 + 3 i) = (𝑐 − 3𝑑) + (3𝑐 + 𝑑)i, so3𝑐 = −𝑑, 𝑚 = 𝑐 + 3(−𝑑) = 10𝑐, and Ker(𝜑) ⊆ ⟨10⟩. Ⅽonversely, we
have 32 + ⟨1 + 3 i⟩ = (i + ⟨1 + 3 i⟩)2 = i2 + ⟨1 + 3 i⟩ = −1 + ⟨1 + 3 i⟩
and 10 + ⟨1 + 3 i⟩ = 0 + ⟨1 + 3 i⟩, so ⟨10⟩ ⊆ Ker(𝜑). Thus, the First
Ɪsomorphism Theorem yields ℤ/⟨10⟩ ≅ ℤ[i]/⟨1 + 3 i⟩.
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6.1.3 Problem. Prove that the quotientℂ[𝑥, 𝑦]/⟨𝑥 𝑦⟩ is isomorphic
to the subring of the product ℂ[𝑥] × ℂ[𝑦] consisting of (𝑓, 𝑔) such
that ev𝑥=0(𝑓) = 𝑓(0) = 𝑔(0) = ev𝑦=0(𝑔).

Ⅽlearly ⟨𝑥 𝑦⟩ ⊆ ⟨𝑥⟩ ∩ ⟨𝑦⟩. Ɪf ℎ(𝑥, 0) = 0,
then every monomial in ℎ is divisible
by 𝑦, and, if ℎ(0, 𝑦) = 0, then every
monomial in ℎ is divisible by 𝑥.
Hence, every monomial is divisible by𝑥𝑦, so ℎ ∈ ⟨𝑥 𝑦⟩. Thus, we deduce that
Ker𝜑 = ⟨𝑥𝑦⟩.

Solution. Ⅼet 𝑅 ⊆ ℂ[𝑥] × ℂ[𝑦] be the subring. Ⅽonsider the map𝜑∶ ℂ[𝑥, 𝑦]→ℂ[𝑥]×ℂ[𝑦] defined by ℎ(𝑥, 𝑦) ↦ (ℎ(𝑥, 0), ℎ(0, 𝑦)). As
each component is an evaluation map, 𝜑 is a ring homomorphism.
The kernel of the map ev𝑦=0 is ⟨𝑦⟩ and the kernel of the map ev𝑥=0
is ⟨𝑥⟩, so Ker𝜑 = ⟨𝑥⟩ ∩ ⟨𝑦⟩ = ⟨𝑥 𝑦⟩. For every ℎ ∈ ℂ[𝑥, 𝑦], both com‑
ponents of 𝜑(ℎ) take the value ℎ(0, 0) at 0, so Ɪm𝜑 ⊆ 𝑅. Ⅽonversely,
given (𝑓, 𝑔) ∈ 𝑅, set ℎ(𝑥, 𝑦)∶= 𝑓(𝑥) + 𝑔(𝑦) − 𝑓(0). Ɪt follows thatℎ(𝑥, 0) = 𝑓(𝑥) + 𝑔(0) − 𝑓(0) = 𝑓(𝑥) andℎ(0, 𝑦) = 𝑓(0) + 𝑔(𝑦) − 𝑓(0) = 𝑔(𝑦) , so Ɪm𝜑 = 𝑅.
The First Ɪsomorphism Theorem givesℂ[𝑥, 𝑦]/⟨𝑥 𝑦⟩ ≅ 𝑅.

Aside from the First Ɪsomorphism
Theorem 6.1.1, there are almost no
methods for recognizing a quotient
ring, because it will usually not be a
familiar ring.

Quotients arising from an ideal and a subring are isomorphic.

6.1.4 Second ꞮsomorphismTheorem. Ⅼet𝑅 be a ring. For every ideal𝐼 in 𝑅 and every subring 𝑆 of 𝑅, the sum 𝑆 + 𝐼 is a subring of 𝑅, the set 𝐼
is an ideal in the subring 𝑆 + 𝐼, the intersection 𝑆 ∩ 𝐼 is an ideal in 𝑆, and
the map 𝜂∶ 𝑆/(𝑆 ∩ 𝐼)→ (𝑆 + 𝐼)/𝐼, defined by 𝜂(𝑠 + (𝑆 ∩ 𝐼)) = 𝑠 + 𝐼 for
all 𝑠 ∈ 𝑆, is a ring isomorphism.

𝑅
𝑆 + 𝐼

𝑆 𝐼
𝑆 ∩ 𝐼
⟨0𝑅⟩

Figure 6.2: The Hasse diagram
arising from the Second
Ɪsomorphism Theorem 6.1.4

Proof. We claim 𝑆 + 𝐼 ∶= {𝑠 + 𝑔 ∈ 𝑅 || 𝑠 ∈ 𝑆 and 𝑔 ∈ 𝐼} is a subring.
For all 𝑟, 𝑠 ∈ 𝑆 and all 𝑓, 𝑔 ∈ 𝐼, we have(𝑟 + 𝑓) − (𝑠 + 𝑔) = (𝑟 − 𝑠) + (𝑓 − 𝑔) ∈ 𝑆 + 𝐼(𝑟 + 𝑓)(𝑠 + 𝑔) = 𝑟 𝑠 + 𝑟 𝑔 + 𝑓 𝑠 + 𝑓𝑔 ∈ 𝑆 + 𝐼
because 𝑟 − 𝑠, 𝑟 𝑠 ∈ 𝑆 and 𝑓 − 𝑔, 𝑟 𝑔 + 𝑓 𝑠 + 𝑓 ∈ 𝐼. As 1𝑅 ∈ 𝑆 and0𝑅 ∈ 𝐼, we also have 1𝑅 = 1𝑅 + 0𝑅 ∈ 𝑆 + 𝐼, so 𝑆 + 𝐼 is a subring.
Since 𝐼 is an ideal in𝑅 and 𝑆+𝐼 is a subring of𝑅, the subset 𝐼 is an

ideal in 𝑆 + 𝐼. We claim that 𝑆 ∩ 𝐼 is an ideal in 𝑆. For all 𝑓, 𝑔 ∈ 𝑆 ∩ 𝐼
and any 𝑠 ∈ 𝑆, the elements 𝑓 − 𝑔, 𝑠𝑓, and 𝑓 𝑠 all belong to both 𝐼
and 𝑆. As these elements belong to 𝑆 ∩ 𝐼, we deduce that 𝑆 ∩ 𝐼 is an
ideal in the subring 𝑆.
Ⅽonsider the map 𝜂∶ 𝑆→(𝑆 + 𝐼)/𝐼 defined by 𝜂(𝑠)∶= 𝑠+ 𝐼 for all𝑠 ∈ 𝑆. For all 𝑟, 𝑠 ∈ 𝑆, we have 𝜂(𝑟+𝑠) = (𝑟+𝑠)+𝐼 = (𝑟+𝐼)+(𝑠+𝐼),𝜂(𝑟 𝑠) = (𝑟 𝑠) + 𝐼 = (𝑟 + 𝐼)(𝑠 + 𝐼), and 𝜂(1𝑆) = 1𝑅 + 𝐼, so 𝜂 is a

ring homomorphism. From the definition of 𝑆 + 𝐼, we see that 𝜂 is
surjective. We claim that Ker(𝜂) = 𝑆 ∩ 𝐼.⊆: Suppose that 𝑓 ∈ Ker(𝜂). We have 𝑓 + 𝐼 = 𝜂(𝑓) = 0 + 𝐼 = 𝐼,
so 𝑓 ∈ 𝐼. As Ker(𝜂) ⊆ 𝑆, the membership 𝑓 ∈ 𝑆 implies that𝑓 ∈ 𝑆 ∩ 𝐼 and Ker(𝜂) ⊆ 𝑆 ∩ 𝐼.⊇: Suppose that 𝑓 ∈ 𝑆 ∩ 𝐼. As 𝑓 ∈ 𝐼, we have 𝜂(𝑓) = 𝑓 + 𝐼 = 𝐼, so𝑓 ∈ Ker(𝜂) and Ker(𝜂) ⊇ 𝑆 ∩ 𝐼.

Since Ker(𝜂) = 𝑆 ∩ 𝐼 and 𝜂 is surjective, the First Ɪsomorphism The‑
orem proves that 𝜂∶ 𝑆/(𝑆∩𝐼)→ (𝑆+𝐼)/𝐼 is a ring isomorphism.
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6.2 Ɪdeals in a Quotient Ring
How are ideals in a quotient ring related to ideals in its ambient
ring? Every surjective ring homomorphism gives rise to a bijection
between certain ideals in its source and all ideals in its target.

6.2.0 Ⅽorrespondence Theorem. Assume that 𝜑∶ 𝑅 → 𝑆 is a ring
homomorphism with kernel𝐾∶= Ker(𝜑).
(pullback) For each ideal 𝐽 in 𝑆, the preimage 𝜑−1(𝐽)∶= {𝑟 || 𝜑(𝑟) ∈ 𝐽}

is an ideal in 𝑅 containing the ideal𝐾.
(injection) For each ideal 𝐽 in 𝑆, the composition of the map 𝜑∶ 𝑅→ 𝑆

and the canonical surjection𝜋∶ 𝑆→𝑆/𝐽 induces an injective
ring homomorphism 𝜋 ∘ 𝜑∶ 𝑅/𝜑−1(𝐽) → 𝑆/𝐽. When 𝜑 is
surjective, the map 𝜋 ∘ 𝜑 is a ring isomorphism.

(bijection) Assume that the map 𝜑 is surjective. The maps 𝐼 ↦ 𝜑(𝐼)
and 𝐽 ↦ 𝜑−1(𝐽) are inverse inclusion‑preserving bijections
between the set of ideals in𝑅 containing the kernel𝐾 and the
set of ideals in 𝑆.

𝑅 𝑆
𝜑−1(𝐽) 𝐽

𝐼 𝜑(𝐼)
𝐾 ⟨0𝑆⟩
⟨0𝑅⟩

Figure 6.3: The Hasse diagram of
ideals in the Ⅽorrespondence
Theorem

Proof. For all 𝑓, 𝑔 ∈ 𝜑−1(𝐽) and all 𝑟 ∈ 𝑅, the ring homomorphism
gives 𝜑(𝑓 + 𝑔) = 𝜑(𝑓) + 𝜑(𝑔), 𝜑(𝑟𝑓) = 𝜑(𝑟)𝜑(𝑓), 𝜑(𝑓𝑟) = 𝜑(𝑓)𝜑(𝑟)
which shows that all these elements belong to the ideal 𝐽, so 𝑓 + 𝑔,𝑟 𝑓, and𝑓 𝑟 belong to𝜑−1(𝐽). Hence, the preimage𝜑−1(𝐽) is an ideal
in 𝑅. As 0𝑆 ∈ 𝐽 and 𝜑−1(0𝑆) = 𝐾, the preimage 𝜑−1(𝐽) contains 𝐾.
By the Ɪnduced Ⅿap Ⅼemma, the map 𝜋 ∘ 𝜑∶ 𝑅/𝜑−1(𝐽)→ 𝑆/𝐽 is

a well‑defined ring homomorphism. As Ker(𝜋) = 𝐽, it follows that
Ker(𝜋 ∘ 𝜑) = 𝜑−1(𝐽) and Ker(𝜋 ∘ 𝜑) = ⟨0 + 𝜑−1(𝐽)⟩, so this induced
map is also injective. When 𝜑 is surjective, the composition 𝜋∘𝜑 is
also surjective, whence 𝜋 ∘ 𝜑 is surjective.
Assume that themap𝜑 is surjective. We claim that, for each ideal𝐼 in𝑅, the image𝜑(𝐼) is an ideal in 𝑆. For all 𝑝, 𝑞 ∈ 𝜑(𝐼) and all 𝑠 ∈ 𝑆,

there exist 𝑓, 𝑔 ∈ 𝐼 and 𝑟 ∈ 𝑅 such that 𝜑(𝑓) = 𝑝, 𝜑(𝑔) = 𝑞, and𝜑(𝑟) = 𝑠. Ɪt follows that the elements 𝑝+𝑞 = 𝜑(𝑓)+𝜑(𝑔) = 𝜑(𝑓+𝑔),𝑠 𝑝 = 𝜑(𝑟)𝜑(𝑓) = 𝜑(𝑟𝑓), and 𝑝 𝑠 = 𝜑(𝑓)𝜑(𝑟) = 𝜑(𝑓 𝑟) belong to the
image 𝜑(𝐼), so 𝜑(𝐼) is an ideal in 𝑆. Since 𝜑(𝐾) = ⟨0𝑆⟩, the image of
any ideal contained in the kernel 𝐾 is zero ideal in 𝑆.
The preceding paragraph shows that the map 𝐼 ↦ 𝜑(𝐼) sends

each ideal 𝐼 in 𝑅 containing 𝐾 to an ideal in 𝑆. Ⅽonversely, the
first part shows that the map 𝐽 ↦ 𝜑−1(𝐽) sends each ideal 𝐽 in 𝑆
to an ideal in 𝑅 containing 𝐾. We show that these maps compose
in either order to the identity. For each ideal 𝐽 in 𝑆, the inclusion𝜑(𝜑−1(𝐽)) ⊆ 𝐽 holds for any map, and the surjectivity of 𝜑 gives
the reverse inclusion: each 𝑠 ∈ 𝐽 equals 𝜑(𝑟) for some 𝑟 ∈ 𝑅, and𝑟 ∈ 𝜑−1(𝐽). For each ideal 𝐼 in𝑅 containing𝐾, wehave 𝐼 ⊆ 𝜑−1(𝜑(𝐼)).
Ⅽonversely, if 𝑟 ∈ 𝜑−1(𝜑(𝐼)), then 𝜑(𝑟) = 𝜑(𝑓) for some 𝑓 ∈ 𝐼, so𝑟 − 𝑓 ∈ 𝐾 ⊆ 𝐼 and hence 𝑟 = (𝑟 − 𝑓) + 𝑓 ∈ 𝐼. Finally, if 𝐼 ⊆ 𝐼′, then𝜑(𝐼) ⊆ 𝜑(𝐼′), and if 𝐽 ⊆ 𝐽′, then 𝜑−1(𝐽) ⊆ 𝜑−1(𝐽′), so both maps
preserve inclusions.
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6.2.1 Problem. Ⅾescribe all ideals in the ring ℤ/⟨6⟩. Ⅽompare with Problem 5.1.9.

Solution. Given the inclusions ⟨6⟩ ⊂ ⟨2⟩ and ⟨6⟩ ⊂ ⟨3⟩, the Ɪnduced
Ⅿap Ⅼemma shows that the identity map idℤ∶ ℤ→ ℤ induces ring
homomorphisms 𝜑∶ ℤ/⟨6⟩ → ℤ/⟨2⟩ and 𝜓∶ ℤ/⟨6⟩ → ℤ/⟨3⟩ where
Ker(𝜑) = ⟨[2]6⟩ and Ker(𝜓) = ⟨[3]6⟩. As ℤ/⟨2⟩ and ℤ/⟨3⟩ are both
fields, they contain only two distinct ideals: the zero ideal and the
whole ring. The Ⅽorrespondence Theorem shows that ⟨[2]6⟩ and⟨[1]6⟩ are the ideals in ℤ/⟨6⟩ containing ⟨[2]6⟩, and ⟨[3]6⟩ and ⟨[1]6⟩
are the ideals in ℤ/⟨6⟩ containing ⟨[3]6⟩. Since [4]6 [2]6 = [2]6 and[5]6 is a unit, we conclude that the four ideals in ℤ/⟨6⟩ are ⟨[0]6⟩,⟨[2]6⟩, ⟨[3]6⟩, and ⟨[1]6⟩.

⟨[1]6⟩
⟨[2]6⟩ ⟨[3]6⟩

⟨[0]6⟩
Figure 6.4: Hasse diagram of
ideals in the quotient ring ℤ/⟨6⟩

6.2.2 Problem. For every𝑚 ∈ ℕ, describe all ideals in the quotient
ringℂ[𝑥]/⟨𝑥𝑚+1⟩.
Solution. For every𝑚 ∈ ℕ, let 𝐼𝑚 ∶= ⟨𝑥𝑚+1⟩ be an ideal in ℂ[𝑥]. We
prove, by induction on𝑚, that the𝑚+ 2 ideals inℂ[𝑥]/𝐼𝑚 are⟨0 + 𝐼𝑚⟩ , ⟨𝑥𝑚 + 𝐼𝑚⟩ , ⟨𝑥𝑚−1 + 𝐼𝑚⟩ ,… , ⟨𝑥 + 𝐼𝑚⟩ , ⟨1 + 𝐼𝑚⟩ .
The First Ɪsomorphism Theorem gives ℂ[𝑥]/⟨𝑥⟩ ≅ ℂ. Since ℂ is a
field, the only ideals are ⟨0⟩ and ⟨1⟩, which gives the base case𝑚 = 0.
Assume that 𝑘 ∈ ℕ satisfies 𝑘 ⩾ 1. Given 𝐼𝑘 ⊂ 𝐼𝑘−1, the ꞮnducedⅯap
Ⅼemma shows that the map idℂ[𝑥] induces a ring homomorphism𝜑∶ ℂ[𝑥]/𝐼𝑘 → ℂ[𝑥]/𝐼𝑘−1 where Ker(𝜑) = ⟨𝑥𝑘−1 + 𝐼𝑘⟩. Hence, the
induction hypothesis and the Ⅽorrespondence Theorem show that
the 𝑘 + 1 ideals in the ringℂ[𝑥]/𝐼𝑘 containing ⟨𝑥𝑘 + 𝐼𝑘⟩ are𝜑−1(⟨0 + 𝐼𝑘−1⟩) = ⟨𝑥𝑘 + 𝐼𝑘⟩𝜑−1(⟨𝑥𝑘−1 + 𝐼𝑘−1⟩) = ⟨𝑥𝑘−1 + 𝐼𝑘⟩⋮𝜑−1(⟨1 + 𝐼𝑘−1⟩) = ⟨1 + 𝐼𝑘⟩ .
Ɪt remains to show that ⟨0 + 𝐼𝑘⟩ is the only other ideal in the ringℂ[𝑥]/𝐼𝑘. Thus, it suffices to prove that any nonzero ideal contains
the ideal ⟨𝑥𝑘 + 𝐼𝑘⟩. A nonzero polynomial 𝑓 in ℂ[𝑥] having degree
at most 𝑘 has the form 𝑓 = 𝑎𝑘 𝑥𝑘 + 𝑎𝑘+1 𝑥𝑘−1 + ⋯ + 𝑎ℓ 𝑥ℓ whereℓ ∈ ℕ, 𝑎𝑘, 𝑎𝑘−1,… ,𝑎ℓ ∈ ℂ, and 𝑎ℓ ≠ 0. As (𝑎−1ℓ 𝑥𝑘−ℓ 𝑓) % 𝑥𝑘+1 = 𝑥𝑘,
we have the required inclusion ⟨𝑥𝑘 + 𝐼𝑘⟩ ⊆ ⟨𝑓 + 𝐼𝑘⟩.

⟨1 + 𝐼𝑚⟩
⟨𝑥 + 𝐼𝑚⟩

⋮
⟨𝑥𝑚−2 + 𝐼𝑚⟩
⟨𝑥𝑚−1 + 𝐼𝑚⟩
⟨0 + 𝐼𝑚⟩

Figure 6.5: Hasse diagram of
ideals in the ringℂ[𝑥]/𝐼𝑚

One can show that every element inℂ[𝑥]/𝐼𝑚 is either nilpotent or a unit.
The quotient rings arising from nested ideals in a ring are also

related by an isomorphism.

6.2.3 Third Ɪsomorphism Theorem. Ⅼet 𝐼 be an ideal in the ring 𝑅.
(ideals) Every ideal in 𝑅/𝐼 has the form 𝐽/𝐼 ∶= {𝑟 + 𝐼 || 𝑟 ∈ 𝐽}

for some ideal 𝐽 in 𝑅 containing 𝐼.
(isomorphism) For each ideal 𝐽 in 𝑅 containing 𝐼, the composition of

the quotient maps 𝑅→𝑅/𝐼 and 𝑅/𝐼→(𝑅 / 𝐼)/(𝐽 / 𝐼)
induces a ring isomorphism 𝑅/𝐽→(𝑅 / 𝐼)/(𝐽 / 𝐼).

Proof. Applying the Ⅽorrespondence Theorem to the surjective ring
homomorphism 𝜋∶ 𝑅→𝑅/𝐼 establishes both parts.
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6.4 Exercises
6.4.1 Problem. Ⅾetermine which of the following statements are true. Ɪf a statement is false, provide a
counterexample and, if possible, salvage it by modifying the statement so that it becomes true.
i. Ɪsomorphic rings have the same number of elements.
ii. Any two rings with the same number of elements are isomorphic.
iii. When two rings are isomorphic, then one is a field if and only if the other is.
iv. The isomorphism 𝑅/𝐼 ≅ 𝑅/𝐽 implies that 𝐼 = 𝐽.
v. Every ring homomorphism factors uniquely through the quotient by its kernel.
vi. For all nested ideal 𝐼 ⊆ 𝐽 in a ring 𝑅, the quotient 𝐽/𝐼 is always a subring of 𝑅/𝐼.
vii. Ⅾistinct ideals of 𝑅 always correspond to distinct ideals of 𝑅/𝐼.
viii. For all ideals 𝐼 and 𝐽 of a ring 𝑅, we have 𝑅/(𝐼 ∩ 𝐽) ≅ 𝑅/𝐼 × 𝑅/𝐽.
6.4.2 Problem. Ⅼet 𝑅 be a ring and let 𝑢 be a unit in 𝑅. Ⅽonfirm that the map 𝜑∶ 𝑅→𝑅 defined, for any
element 𝑎 in the ring 𝑅, by 𝜑(𝑎) = 𝑢𝑎𝑢−1 is an automorphism.
6.4.3 Problem. Show that ℤ/⟨4⟩ is not isomorphic to ℤ/⟨2⟩ × ℤ/⟨2⟩.
6.4.4 Problem (2‑out‑of‑6 property). Ⅼet 𝜃∶ 𝑄 → 𝑅, 𝜑∶ 𝑅 → 𝑆, and 𝜓∶ 𝑆 → 𝑇 be ring homomorphisms.
When the compositions 𝜑𝜃 and 𝜓𝜑 are ring isomorphisms, prove that 𝜃, 𝜑, 𝜃, and 𝜓𝜑𝜃 are also ring
isomorphisms.

6.4.5 Problem. Each quotient ring 𝑅/𝐼 in the left column of Table 6.1 is isomorphic to a ring 𝑆 in the
right column. Ⅿatch each quotient ring with its isomorphic partner and prove that they are isomorphic
be describing a surjective ring homomorphism 𝜑∶ 𝑅→𝑆 with kernel 𝐼.𝑅𝐼 ℤ[𝑥]⟨35, 80, 𝑥⟩ ℤ[𝑥]⟨𝑥2 + 10𝑥 + 26⟩ ℝ[𝑥]⟨𝑥2 − 5⟩ ℝ[𝑥]⟨𝑥2 + 5⟩ ℂ[𝑥]⟨𝑥2⟩ ℚ[𝑥]⟨𝑥2 − 5⟩

𝑆 ℤ ℤ⟨5⟩ ℤ⟨25⟩ ℚ ℝ ℂ ℝ×ℝ ℤ[i] ℚ[𝑥] ℚ[√5] ℝ[𝑥] {[𝑧 𝑤0 𝑧] ||| 𝑧,𝑤 ∈ ℂ}
Table 6.1: Table of quotient rings
and rings

6.4.6 Problem.
i. Prove that ℤ/⟨60⟩ is isomorphic to ℤ/⟨3⟩ × ℤ/⟨4⟩ × ℤ/⟨5⟩.
ii. Exhibit elements 𝑒1, 𝑒2, and 𝑒3 in ℤ/⟨60⟩ such that

𝑒21 = 𝑒1 𝑒22 = 𝑒2 𝑒23 = 𝑒3 𝑒2 𝑒3 = 0 𝑒1 𝑒3 = 0 𝑒1 𝑒2 = 0
and [1]60 = 𝑒1 + 𝑒2 + 𝑒3.
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