
Problems 09
Due꞉ Friday, 13 November 2026 before 23꞉59 ET

P9.1. Ⅼet 𝜃∶𝑄 → 𝑅,𝜑∶𝑅 → 𝑆, and𝜓∶𝑆 → 𝑇 be ring homomorphisms. When the composite
maps 𝜑 ∘ 𝜃∶𝑄 → 𝑆 and 𝜓 ∘ 𝜑∶𝑅 → 𝑇 are ring isomorphisms, prove that 𝜃, 𝜑, 𝜓, and
𝜓 ∘ 𝜑 ∘ 𝜃 are also ring isomorphisms.

P9.2. i. Express the ring ℤ/⟨600⟩ as a product of three quotient rings.
ii. Exhibit elements 𝑒0, 𝑒1, and 𝑒2 in ℤ/⟨600⟩ such that

𝑒20 = 𝑒0 , 𝑒21 = 𝑒1 , 𝑒22 = 𝑒2 , 𝑒1 𝑒2 = 0 , 𝑒0 𝑒2 = 0 , 𝑒0 𝑒1 = 0 ,
and [1]600 = 𝑒0 + 𝑒1 + 𝑒2.

P9.3. i. Ⅼet 𝜑∶ 𝑅 → 𝑆 be a ring homomorphism between commutative rings. Ⅽonsider
multiplicative subsets 𝐷 ⊂ 𝑅 and 𝐸 ⊂ 𝑆 that satisfy 𝜑(𝐷) ⊆ 𝐸. Prove that there
exists a unique ring homomorphism𝜑∶𝑅[𝐷−1] → 𝑆[𝐸−1] such that𝜑(𝑟/1) = 𝜑(𝑟)/1
for all 𝑟 ∈ 𝑅.

ii. Show that every automorphism of a domain admits a unique extension to its field
of fractions that is also an automorphism.
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