Solutions 07

P7.1. Let R be a commutative ring and let R[x] be the associated polynomial ring. For every
ring S containing R as a subring and every element s € S, prove that there exists a
unique ring homomorphism ¢: R[x] — S that sends x to s and fixes the subring R.

Solution. We treat uniqueness and existence separately.

(uniqueness) Suppose that ¢: R[x] — S is a ring homomorphism such that ¢(a) = a
foralla € Rand ¢(x) = s € S. For each f := a,,x™+a,,_1x™ 1 +--- +a;x +a, where
m e N and a,,a,,_;,...,ay € R C S, the properties of a ring homomorphism give

P(f) = P(amx™ + Ap X"+ -+ + 41X + a)
= P(am)(@(X)™) + @(am-_)(@(xX)"") + - + p(a)p(x) + ¢(ao)
=ApS"+ A, ST 4+ e+ aist+ag.
Hence, fixing the coefficient ring R and sending the indeterminate x to the element
s € S completely determines the output of the ring homomorphism ¢. In other

words, there is at most one ring homomorphism satisfying the given conditions.
(existence) Suppose that

f=a,x"+a,_1x" '+ .- +a;x +a, € R[x],
g=b,x"+b,_1x" 1+ ...+ b;x+b, €R[x],

where m,n € N, m > n,and a,,,a,,_1, --- ,49, by, by_1, ... ,bg €E R C S.
Consider the map ¢: R[x] — S defined, for each f € R[x], by

o(f) = plapx™ + a1 x™ 1+ -+ x+ay)=a,8"+ap_1S" 1+ - +as+a.

This map of sets is well-defined because a; € R C Sforall0 < j < m,s € S, and
the ring S is closed under addition and multiplication. By construction, the map ¢
satisfies p(a) = afor alla € R C S and ¢(x) = 5. Moreover, we see that

P(f +8) = p((am + by)x™ + (@py + D)X + -+ + (a; + by)x + (ag + by))
=(a,+b)s"™ + (a1 + bp_1)s™ 1+ --- + (a; + by)s + (ap + by)
= (@S + A1 S+ -+ as +ag) + (bys" + by_1S" L+ --- + bys + by)
=o(f)+¢(8),
P(f8) = P(ambp X" 4+ (apbp_1 + A1) X1 + ..o + (a1by + agby)x + (agby))
= A, b, ™" + (b1 + Ap_1by)S™ L+ oo + (a1bg + agby)s + (agbg)
= (@S + A1 S+ oo+ @S+ ay)(bys" + by_1S"L + oo + bys + by)

= ¢(fe(g),
(1) =1.
Hence, the map ¢ is a ring homomorphism. O

Remark. This characterization of the ring homomorphisms having a polynomial ring
as its source is called the universal (mapping) property of a polynomial ring.
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P7.2. Let T(3, Z) be the subset of all lower triangular (3 X 3)-matrices with integer entries;

a 0 O
T(3,7) ::Ha1 as O]

a, a, as

gy, Ay ..., s EZ} .

i. Verify that T(3, Z) is a subring of the noncommutative ring of all (3 X 3)-matrices
with integer entries.
ii. Given the matrix

letn: Z[x] = T(3, Z) be the ring homomorphism defined by
(A X"+ Ay X"+ e+ ay x+ag) =a, N +a,_ N1+ ... 4a,N+aq,l.
Find a polynomial g in Z[x] such that Ker(n) = (g).

Solution.
i. For all matrices
a 0 0 b, 0 0
A:=|a, a; 0|€T@3,2) and b, b; 0| T(@3,2),
a, a, as » by bs
we have
[ap, O O] b, 0 O a, — b, 0 0
A-B-= a1 a3 0 bl b3 0= al—bl a3—b3 0 ET(S,Z),
[y Q4 Qs | b, by bs a,—b, a;—b, as—bs
[ap O 0][by, O O ayby 0 0
AB= al a3 0 bl b3 0= a1b0+a3b1 a3b3 ET(3,Z)
|a, a4 as| | by, by bs a,by + a,b, + asb, asb; + asb, asbs
[1 00
I=|010|eT@B,2).
[0 01

We conclude that T(3, Z) is a subring.
ii. Observe that

000]|]00O 000
100]/100|=]000 and N3=
010f|]01O0 100

Hence, for any polynomial f := a,, X" + --- + a; X + a, in Z[x], we have
n(f)=a,N*+a;N+aqa,l

0
0f.
0

00O0|[0OO0O 00
100]{000|=(00
100 0

010 0

000 00O a 0 0O a, 0 O
000+a100+0a00=a1a00
a, 00 0a;0 0 0 ag a, a; ag

It follows that f belongs to Ker() if and only ifay = a; =a, =0 or
f=a, X" +a, 1 X" 4+ +a; x> =(a, X" 3+ a1 X"+t ay) X3

In other words, the polynomial f belongs to Ker(n) if and only if x> divides f. We
conclude that Ker(n) = (x3). O
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P7.3. Consider the ideal I := (1 + 2i) in the ring Z[i] := {a + bi € C | a,b € Z} of Gaussian
integers. Let R := Z[i] /I be the quotient ring.
i. Are the cosetsi+ I and 2 + I equal in R?
ii. How many elements does R have?
iii. What is the characteristic of R?
iv. Is R a field?

Solution.
i. Since i+I)—(2+I) = —-2+i=1i(1+21i), the difference —2 +i belongs to the ideal
I. Hence, the cosetsi+ I and 2 + I are equal in the quotient ring R.

ii. The black dots in Figure 1 correspond to the elements in the ideal I and the grey
dots in Figure 1 correspond to the elements in Z[i]. From Figure 1, we see that one
may obtain any Gaussian integer by adding an appropriate element of I to 0, 1, 2,
1+1i, or 2 +i. Furthermore, the difference between any two of these five Gaussian
integers does not belong to I. Therefore, the quotient ring R has five elements:
O+IL,1+I1,2+I,(1+i)+I,and (2+1i)+ 1.

A

Y
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ili. As5—(0) =5 = (1-2i)(1 + 2i), the difference 5 belongs to the ideal I. Hence,
the cosets 5(1+ 1) =5+ 1 and 0 + I are equal in the quotient ring R. Similarly, we
have3—(1+i)=2—-i=-i(1+2i)and4—-(2+i)=2—-i=—-i(1+21), so we have

31+I)=3+I=(1+i)+Iand4(1+I)=4+1=(2+1)+Iin R. Thus, the ring
R has characteristic 5.

iv. Since
Q+DA+D)=1+1

C+DA+D+D=QC+2D)+I=1+Q+2D))+I=1+1
(C+D+D)(Q+D+D)=@B+4)+I=1+21+21)+I=1+1I,

part ii implies that every nonzero element in R is a unit, so R is a field. O
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